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1. Introduction

In general relativity a black string becomes unstable and changes to a black hole when the

circle it winds becomes large compared with its horizon. This is known as the Gregory-

Laflamme transition [1] (see for review [2, 3]). Similar instability exists also for neutral black

p-brane wrapped on torus. In the case of square torus, in which all compactification radii are

the same, usually only a black hole and a non-uniform brane are considered as candidates of

the final state, probably because they respect the symmetry of the background spacetime.

However, there is no reason for adhering them - isotropy can break spontaneously, and we

should also consider a decay from p-brane to (p − 1)-brane.

A motivation for considering such a decay comes from AdS/CFT correspondence [4 – 6].

Through AdS/CFT, the Gregory-Laflamme transition is related [7 – 12] to the condensation

of the spatial Wilson loop winding on compact direction1 in dual super Yang-Mills theory.

Recently, Narayanan, Neuberger and collaborators have studied phase structure of pure

bosonic Yang-Mills theory on torus intensively [16]. According to their result, the spatial

Wilson loops condensate not simultaneously but one-by-one even if compactification radii

are the same. We can expect similar pattern of successive phase transitions in bosonic

Yang-Mills on T n with 10 − n adjoint scalars, which is the high-temperature limit of the

super Yang-Mills on T n+1. Then, it is plausible that dual supergravity theory also has a

cascade of Gregory-Laflamme transitions. In this paper, we compare the free energies for

several solutions in (super)gravity using a certain approximation. The result suggests that

1In the following we call it simply “spatial Wilson loop”.

– 1 –



J
H
E
P
0
9
(
2
0
0
7
)
0
1
2

such a phase structure exists. In IIA supergravity the free energy of Dp-brane2 becomes

smaller than that of D(p − 1)-brane at some critical temperature tC(p), which satisfies

tC(p) > tC(p−1). In the case of the transition from D1- to D0-brane, the Gregory-Laflamme

temperature appears slightly below tC(1). This implies that the D1-brane collapses to the

D0-brane. We expect a similar pattern for any p. In Einstein gravity, we confirm this

pattern explicitly for the neutral black branes (see table 1, table 2 and figure 1).

The organization of this paper is as follows. In section 2 we consider the neutral black

branes. Approximating compact directions transverse to brane with noncompact ones,

we find an indication that p-brane does not decay to 0-brane directly, but its dimension

decreases one-by-one, that is, p-brane decays to (p − 1)-brane, then to (p − 2)-brane, and

so on. In section 3, we summarize basic properties of weakly-coupled Yang-Mills theory,

and then we study the phase structure of dual supergravity in section 4. We find similar

phase structures in both sides. This result might be an evidence of AdS/CFT, although

the coupling region we considered are different in both sides. Section 5 is devoted to

discussions.

2. Neutral black branes on R
D−n

× T
n

In this section, we calculate the free energy of neutral black p-branes winding around square

torus T n and evaluate critical temperatures tC(p), above which (p−1)-brane has smaller free

energy than p-brane. We also calculate the Gregory-Laflamme (GL) temperature tGL(p),

above which p-brane becomes unstable. In these calculations, we approximate compact

directions transverse to brane by noncompact ones because of the lack of analytic solution

for black branes in compact space. We find that

· · · < tC(p) < tGL(p) < tC(p−1) < tGL(p−1) < . . . (2.1)

for D ≤ 12 and D − p ≥ 4 which indicates the existence of a cascade of first order

transitions.3

2.1 Preliminary

Let us consider the D-dimensional Einstein-Hilbert action in the asymptotically flat space,

IEH =
1

16πG
(D)
N

∫

dDx
√−gR. (2.2)

We take the background spacetime to be R
D−n × T n, where compactification radii of T n

are L for all directions. Suppose that a Schwarzschild black hole is placed in this space.

If its horizon is much smaller than L, then we can approximate it using a Schwarzschild

2Precisely speaking, smeared D0-branes obtained via T-dual.
3In the case of D ≥ 13, (2.1) does not hold. For example, at D = 13, we obtain tGL(p) < tC(p) for p ≤ 3.

Although this is consistent with [29], however, our approximation becomes subtle at such large dimensions

as pointed out in [30]. More careful treatment is needed in order to show whether or not our approximation

could be applicable at larger dimensions.
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solution in R
D. If the size of the horizon becomes comparable to L, the black hole cannot

fit in T n and can wind on some cycles T p in T n. This is the Gregory-Laflamme transition.

Preferred value of p can be determined by comparing the free energy.

Let us begin with the simplest case, p = n. In this case, the metric can be written as

ds2 = −
(

1 −
(

r
(n)
H

r

)D−n−3)

dt2 +
dr2

1 −
(

r
(n)
H
r

)D−n−3
+ r2dΩ2

D−n−2 +

n
∑

i=1

dy2
i , (2.3)

where r
(n)
H represents the horizon radius and 0 ≤ yi ≤ L (i = 1 . . . n). By requiring the

regularity of the above metric, the Hawking temperature T
(n)
H is given by

T
(n)
H =

D − n − 3

4πr
(n)
H

. (2.4)

The ADM energy (mass) and entropy of the black string (2.3) are given by [18]

M(n) =
1

16πG
(D)
N

(D − n − 2)ΩD−n−2(r
(n)
H )D−n−3Ln, (2.5)

S(n) =
1

4G
(D)
N

ΩD−n−2(r
(n)
H )D−n−2Ln. (2.6)

For p < n, because exact metric is not known, we approximate the transverse compact

directions by noncompact ones. Then, the above expressions can be used by replacing n

with p. In several examples, this approximation is known to be good even if the horizon

is comparable to the compactification radius; see e.g. [26]. In the present case, the ratio

rH/L is around 0.3 ∼ 0.4 and we can expect that this approximation is valid.

2.2 p-brane vs. (p − 1)-brane

In order to determine the phase structure, let us compare the free energies for p-branes

and (p − 1)-branes fixing temperature TH and varying L. Then, because the Hawking

temperature is related to the size of the horizon as

T
(p)
H =

D − p − 3

4πr
(p)
H

= TH : independent of p, (2.7)

we have the relation

r
(p)
H =

D − p − 3

D − p − 2
r
(p−1)
H . (2.8)

The free energy of p-brane is given by

F (p) = M(p) − T
(p)
H S(p) =

ΩD−p−2

16πGD
N

(r
(p)
H )D−p−3Lp. (2.9)

When F (p) > F (p − 1), the (p − 1)-brane is more favorable. Using (2.9) and (2.8), this

relation becomes

t ≡ TH · L >

(

D − p − 2

D − p − 3

)D−p−2 ΩD−p−1

ΩD−p−2

D − p − 3

4π
≡ tC(p). (2.10)
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mass fixed temperature fixed

tC(1) 1.27 1.28

tC(2) 1.15 1.17

tC(3) 1.01 1.04

Table 1: The critical values of the circle for R
7 × T 3.

tGL(1) 1.30

tGL(2) 1.20

tGL(3) 1.08

Table 2: The Gregory-Laflamme critical temperature for R
7 × T 3.

As shown in table 1, the critical value tC(p) is the decreasing function of p.

We can also compare the entropy with ADM energy fixed. Similar pattern of instability

appears also in this case (see table 1).

The argument above does not exclude the possibility that several phases co-exist. That

the instability really arises can be confirmed by calculating the Gregory-Laflamme (GL)

critical temperature [1], where p-branes become unstable thermodynamically [14, 15]. As

we will show in the following, there is a relation4

tC(p) < tGL(p) < tC(p−1) (2.11)

for D = 10. (Note that this relation does not hold for large D.) The relation (2.11) suggests

that the p-brane decays to the (p − 1)-brane at t = tGL(p) as depicted in figure 1. Then it

is plausible that the transition is of first order.

Now let us evaluate tGL(p). By approximating the compact directions transverse to p-

brane by noncompact ones, the problem reduces to the evaluation of the GL temperature

for p-brane wrapped on T p in R
D−p × T p. This has been studied already in [29, 27, 28]

(see table 2).

Furthermore, we expect p-brane decays not to 0-brane directly, but to (p − 1)-brane.

We check this below for D = 10, p ≤ 3 by comparing free energies at tGL(p). Figure 2

shows that only (p − 1)-brane has smaller free energy than p-brane at tGL(p). This result

makes us confirm the above statement is true.5 Similar statement can be seen in [30],

where n-brane on T n has been studied and it was shown that tachyonic mode develops

along one of the n-directions.6 It is important to study instability around p-brane (p < n)

in T n by metric perturbation and determine whether the tachyonic mode grows along one

4The authors are grateful to J. Marsano for instructive comments concerning the derivation of (2.11).
5Similar cascade can be found when we compare the entropies of p-branes with fixed mass. For example,

for D = 10, n = 3, we have S(0) < S(3) < S(1) < S(2) at t = tGL(3). Therefore, 3-brane can decay only

to 1- and 2-branes. Entropically, 2-brane is most favorable. Once 3-brane decays to 2-brane, then we have

S(2) < S(0) < S(1) at t = tGL(2), and hence 2-brane can decay to 0- and 1-branes. Again, 1-brane is more

favorable entropically. This result is consistent with the result in [29] .
6We are grateful to E. Sorkin for informing us [30].
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BB on T p

BB on T p−1

t < tC(p)

BB on T p BB on T p−1

t = tC(p) t = tGL(p)

BB on T p−1

BB on T p

Figure 1: A plausible picture of a phase transition. [Left] At t > tC(p), p-brane has smaller free

energy and is favored. [Center] At t = tC(p), free energies of p- and (p−1)-branes become the same.

[Right] At t = tGL(p), p-brane becomes unstable and decays to (p − 1)-brane.
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Figure 2: Comparison of free energies at tC(p) in unit of LD−3/16πGD
N for D = 10, p ≤ 3. Only

(p−1)-brane has smaller free energy than p-brane and is favored. [Left] t = tC(3). [Center] t = tC(2).

[Right] t = tC(1).

of the directions also in this case. Also it is necessary to calculate critical temperatures

tC(i) and tGL(i) more precisely, because a few percent error can destroy the cascade [30].

Alternatively, we can compare the entropy while taking the mass of p- and p − 1-

branes to be equal. In this case, as M decrease through radiation, S(p) becomes smaller

than S(p − 1) at

M |p→p−1 =
LD−3

16πGD
N

(D − p − 2)(D−p−2)2

(D − p − 1)(D−p−1)(D−p−3)

(ΩD−p−2)
D−p−2

(ΩD−p−1)D−p−3
. (2.12)

This M |p→p−1 is monotonically increasing with p, and hence transitions can take place

repeatedly.

3. Super Yang-Mills theory on T
n+1 and its phase structure

In this section, we consider the U(N) super Yang-Mills theory on Euclidean torus T n+1 (n =

– 5 –
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1, 2, 3).7 The action is given by

SYM =
N

4λ

∫ 1/TH

0
dt

∫ L

0
dx1 · · ·

∫ L

0
dxn Tr

{

F 2
µν + 2(DµφI)2 − [φI , φJ ]2 + (fermion)

}

,

(3.1)

where µ = 0, · · · , n, x0 = t, φI (I = 1, · · · , 9 − n) are adjoint scalars, and fermions are

anti-periodic along the thermal cycle.

At high-temperature, KK modes along thermal cycle decouple and the model can be

described by bosonic Yang-Mills on T n. If L is small, spatial KK modes decouple and the

model reduces to BFSS matrix model [19]. When both thermal and spatial cycles are small,

it reduces to a bosonic version [20] of the IKKT matrix model [21]. In the following, we

determine the parametric region where the above reduction is justified, and then discuss

phase structure there.

By rewriting the action using dimensionless quantities, we have

SYM =
N

4λ′

∫ 1/tH

0
dt

∫ 1

0
dx1 · · ·

∫ 1

0
dxn Tr

{

F 2
µν + 2(DµφI)2 − [φI , φJ ]2 + (fermion)

}

,

(3.2)

where

λ′ = λL3−n, tH = THL, (3.3)

and fields are also redefined to be dimensionless e.g. as Anew
µ = LAold

µ . If spatial KK modes

decouple before temporal KK modes do, then the action can be rewritten as

SYM =
N

4λ′

∫ 1/tH

0
dt Tr

{

F 2
µν + · · ·

}

=
N

4

∫ λ′1/3/tH

0
dt̃ T r

{

F̃ 2
µν + · · ·

}

, (3.4)

where t̃ = λ′1/3t and F̃ = λ−′2/3F . Therefore, temporal zero modes decouple if

tH ≫ λ′1/3. (3.5)

In the same way, if temporal KK modes decouple before spatial KK modes do, then

spatial KK modes decouple when

tH ≪ 1

λ′
. (3.6)

In summary, SYM on T 1+n can be described by bosonic IKKT model (i.e. can be

reduced to zero-dimensional bosonic model) if

λ′1/3 ≪ tH ≪ 1

λ′
. (3.7)

In this region, both Polyakov loop and the spatial Wilson loops have nonzero expectation

values. At tH & 1
λ′ , the model reduces to bosonic YM on T p with (10 − p) adjoint scalars,

7The argument below is a generalization of that in [11] to n > 1. Here we take large-N limit.
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which can be studied through lattice simulation. In this region, the Polyakov loop has

nonzero expectation value and hence the model is in the black hole/black string phase.

Condensation of spatial Wilson loops takes place at tH ∼ 1
λ′ .

Let us consider the case of n = 2.8 Then, at tH & 1
λ′ , SYM is well approximated by

two-dimensional YM with 8 adjoint scalars. Although a simulation of this model has not

yet performed as far as we know, we can guess its properties from simulations on similar

models. In [16], bosonic pure U(N) YM on T 3 and T 4 have been studied. By taking the

sizes of one or two directions to be zero, they become bosonic YM on T 2 with one or two

adjoint scalars, respectively. Let us take two compactification radii of T 2 to be the same

value L. Then, the action is invariant under the exchange of two directions. Let the spatial

Wilson loops to be

Wµ =
1

N
· Tr

[

P exp

(

i

∫ L

0
dxµAµ

)]

(µ = 1, 2), (3.8)

where the indices µ are not contracted in r.h.s. Spatial Wilson loops have nonzero expec-

tation values if the global U(1)2 symmetry

Aµ → Aµ + cµ · 1N (3.9)

is spontaneously broken. As discussed in [16], the U(1)2 symmetry is actually broken and

〈Wµ〉 behaves as

〈W1〉 = 〈W2〉 = 0 (L ≥ ∃L(1)
c ), (3.10)

〈W1〉 6= 0, 〈W2〉 = 0 or 〈W2〉 6= 0, 〈W1〉 = 0 (∃L(2)
c ≤ L ≤ ∃L(1)

c ), (3.11)

〈W1〉 6= 0, 〈W2〉 6= 0 (L ≤ ∃L(2)
c ). (3.12)

We can expect that this pattern does not depend on the number of adjoint scalars. We can

also expect that the result is similar also for other values of n. Note that these transitions

are likely to be of first order.

Suppose that such a pattern of phase transition persists to strong coupling region. In

the dual gravity theory, the eigenvalue distribution of spatial Wilson loops is related to that

of D0-branes in T-dual picture, and condensation of spatial Wilson loop corresponds to the

Gregory-Laflamme transition in D0-brane system [7 – 12]. Therefore, transitions in super

Yang-Mills theory can be regarded as a sequence of Gregory-Laflamme transitions in gravity

side. In the next section, we show such successive transitions do exist in supergravity.

4. Cascade of Gregory-Laflamme transitions in IIA supergravity

In this section, we study the dual gravity theory of Dp-branes on T n corresponding to

the super Yang-Mills theory on square torus discussed in the previous section and find an

indication for the cascade. As we will show, the transitions take place in the parametric

region where the T-dual picture, a system of D0-branes, is valid.

8n = 1 case has been studied in [11]. Simulation results can be found in [11, 22 – 25].

– 7 –
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4.1 Generalities

We consider the near-extremal Dp-brane solution on T n which is dual to the super Yang-

Mills theory on T n in finite temperature. As in section 2, for p < n we approximate

transverse compact dimensions by noncompact ones.

In the near horizon limit the metric and dilaton are given by [13, 17]

ds2 = α′

{

U
7−p
2

gYM

√

dpN

[

−
(

1 − U7−p
0

U7−p

)

dt2 +

p
∑

i=1

dy2
i

]

(4.1)

+
gYM

√

dpN

U
7−p
2

(

1 − U7−p
0

U7−p

)dU2 + gYM

√

dpNU
p−3
2 dΩ2

8−p

}

,

eφ = (2π)2−pg2
YM

(

g2
YMdpN

U7−p

)

3−p
4

,

dp = 27−2pπ
9−3p

2 Γ

(

7 − p

2

)

, (4.2)

where 0 ≤ yi ≤ L (i = 1, · · · , p) denotes the direction of T p. The Yang-Mills coupling

constant is related to the string coupling at the spatial infinity gs = eφ∞ as

g2
YM = (2π)p−2gsα

′
p−3
2 . (4.3)

Requiring the regularity of the metric around the horizon rH , the Hawking temperature is

determined to be

TH =
(7 − p)U

5−p
2

0

4π
√

dpλ
, (4.4)

where λ ≡ g2
YMN . Using the Einstein frame the ADM energy and the entropy of this

solution can be computed as [13]

EDp =
9 − p

211−2pπ
13−3p

2 Γ(9−p
2 )λ2

N2U7−p
0 Lp, (4.5)

SDp =
1

28−2pπ
11−3p

2 Γ(9−p
2 )λ2

√

dpλN2U
9−p
2

0 Lp. (4.6)

We can use the metric (4.1) as a supergravity solution when the string excitation and

winding modes wrapping on T p are much heavier than KK modes along S8−p:

1√
λL

≪ TH , 1 ≪ λ (p = 3) (4.7)

1√
λL(5−p)/2

≪ TH ≪ λ
1

3−p (p = 0, 1, 2). (4.8)

– 8 –
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T-dual picture. By taking a T-dual in all the compact directions of T p, the metric and

dilaton become

ds2 =α′

{

− U
7−p
2

√

dpλ

(

1 − U7−p
0

U7−p

)

dt2 +
√

dpλU
p−3
2 dΩ2

8−p

+

√

dpλ

U
7−p
2









dU2

(

1 − U7−p
0

U7−p

) +

p
∑

i=1

dỹ2
i









}

, (4.9)

eφ =(2π)2
λ

N

(

dpλ

U7−p

)
3
4 1

Lp
, (4.10)

where ỹi denotes the T-dualized circle coordinate and takes the range9 0 ≤ ỹi ≤ (2π)2/L.

The metric after T-dual represents the uniform distribution of N D0-branes on T p. The

Hawking temperature, ADM energy and entropy are the same as those before taking T-

dual, (4.4), (4.5) and (4.6). Winding modes are negligible when

THL ≪ 1, (4.11)

and the condition that the α′ correction can be neglected does not change:

TH ≪ λ1/(3−p) (p = 0, 1, 2), 1 ≪ λ (p = 3). (4.12)

4.2 Dp vs. D(p − 1)

From (4.5) and (4.6), the free energy of N Dp-branes is given by

F (p) = − 5 − p

211−2pπ
13−3p

2 Γ(9−p
2 )λ2

N2U7−p
0 Lp. (4.13)

By using dimensionless parameters t ≡ THL, u0 ≡ U0L and λ′ ≡ λL3−p, ADM energy,

entropy and free energy can be rewritten as

E(p) =
(9 − p)B(p)

L
N2λ

′ p−3
5−p

(p) t
2(7−p)
5−p

(p) , (4.14)

S(p) = 8πB(p)N2
√

dpλ′λ
′
p−3
5−p

(p) t
9−p
5−p

(p) , (4.15)

F (p) = −(5 − p)B(p)

L
N2λ

′
p−3
5−p

(p) t
2(7−p)
5−p

(p) , (4.16)

t(p) =
(7 − p)u

5−p
2

0

4π
√

dpλ′
, B(p) ≡ 1

211−2pπ
13−3p

2 Γ(9−p
2 )

(

4π
√

dp

7 − p

)

2(7−p)
5−p

.

Here (p) indicates that these quantities depend on p in general. Note, however, that the

effective ’t Hooft coupling λ′
(p) is indeed independent of p. This can be seen as follows. We

can write the ’t Hooft coupling on T p using (4.3) 10

λ(p) = g2
YMN = (2π)p−2eφ

(p)
∞ α′ p−3

2 . (4.17)

9We have used the relation between the dilaton before and after the T-dual eφ̃ = eφ α′1/2

R
, where 2πR = L.

10We return to the metric before taking near-horizon limit.

– 9 –
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tC(4) 2.92/
√

λ′

tC(3) 2.87/
√

λ′

tC(2) 2.67/
√

λ′

tC(1) 2.40/
√

λ′

Table 3: The critical effective temperatures

Since the string coupling on the T p and its T-dual is related as

eφ
(0)
∞ = eφ

(p)
∞

( √
α′

L/2π

)p

, (4.18)

we have

λ(p) = λ(0)L
p. (4.19)

Then it is clear the effective coupling does not depend on p:

λ′
(p) = λ′ = λ(0)L

3. (4.20)

Temperature fixed comparison. We compare F (p) and F (p− 1) at the same TH and

L (and hence t) in the strong coupling region λ′ ≫ 1.

Using (4.16) we can easily see F (p) > F (p − 1) is realized when the dimensionless

temperature t becomes lower than the critical temperature tC(p),

t < tC(p) ≡
A(p)√

λ′
, A(p) =

(

(6 − p)B(p − 1)

(5 − p)B(p)

)

(5−p)(6−p)
4

. (4.21)

As shown in table 3, tC(p) is the increasing function of p.

These critical points lie in the parametric region (4.11) where D0-brane picture is valid.

In this region KK modes along T n can also be neglected. Note that, in this picture, smaller

t corresponds to larger compactification radius L̃ ∼ 1/L. Therefore, the relation

tC(1) < · · · < tC(p−1) < tC(p) (4.22)

indicates that for large L̃ low dimensional object is favored similarly to the Schwarzschild

case.

Above we have assumed that the non-uniform phase where D0-branes collapse in some

circle directions can be approximated by those on flat noncompact space. In several ex-

amples, this assumption is known to be valid when the horizon is smaller than the radius

of the circle. In the present case, the horizon of the D0-branes on T p and the radius of

the T-dualized torus before taking near-horizon limit are given as r
(p)
H ≡ u

(p)
0 α′/L and

L̃ ≡ (2π)2α′/L. Let us consider the ratio at the critical temperature tC(p)

a(p) ≡ r
(p)
H

L̃

∣

∣

∣

t=tC(p)

=
1

(2π)2

(

4π
√

dpA(p)

7 − p

)
2

5−p

. (4.23)
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p a(p) b(p)

4 0.302 0.329

3 0.323 0.369

2 0.351 0.400

1 0.379 0.427

Table 4: The ratio between the horizon and the torus radius at the critical temperature.

After the transition Dp-branes become D(p−1)-branes and the radius of the horizon changes

to

b(p) ≡ r
(p−1)
H

L̃

∣

∣

∣

t=tC(p)

=
1

(2π)2

(

4π
√

dp−1A(p)

8 − p

)
2

6−p

. (4.24)

Above ratios take values around 0.3 ∼ 0.4 and we can expect that the assumption is valid

(see table 4 and figure 3). We can also see that a(p − 1) < b(p) for p ≤ 4. This relation

indicates that, after a transition from p-brane to (p−1)-brane, the horizon of (p−1)-brane

is larger than the next critical radius r
(p−1)
H |t=tC(p−1)

and hence the next transition can

take place when the horizon shrinks to r
(p−1)
H |t=tC(p−1)

. In this way, transitions take place

repeatedly.

In the present case, we have not calculated the GL temperature tGL(p). In [11], tGL(1)

has been calculated, and the result is

tGL(1) =
2.29√

λ′
. (4.25)

This is slightly lower than tC(1) as expected. If other tGL(p)’s satisfy

tC(p−1) < tGL(p) < tC(p), (4.26)

then a cascade can take place as first order transitions similarly to the case of dual SYM.

Such a cascade resembles also to the Schwarzschild case.

5. Discussion

There are several directions for future studies. First of all, it is important to justify the

approximation in this paper in which compact directions are replaced with noncompact

ones, because phase structure is sensitive to the small changes of physical quantities; as

discussed in [30], a few percent error in the entropy can change the magnitude relation of

critical temperatures and lead us to the wrong conclusion. At least in the case of D-brane

discussed in section 4, AdS/CFT correspondence suggests that this approximation gives

the correct phase diagram. Secondly similar calculations for other compactifications are

important. If compatified dimensions are curved, our approximation would not be valid at

all, and more careful treatment would be necessary. In addition, it is necessary to consider

other solutions such as a non-uniform string solution; at present, we showed that uniform

p-brane solution is unstable and (p − 1)-brane is (meta-)stable at a critical temperature,

– 11 –
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Figure 3: The plot of a(p − 1) (red) and b(p) (green).

but it might be possible that p-brane decays to another stable solution. Also, it will be

nice if it can be determined whether (4.26) holds or not.

It is possible to perform a similar study in gravity theories with other boundary con-

ditions. From the point of view of the super Yang-Mills theory, such a study will be useful

to clarify the phase structure of SYM on T p+1 [32].11

In large-N gauge theories, if the global U(1) symmetry is not broken then expectation

values of Wilson loops are independent of compactification radii through Eguchi-Kawai

equivalence [31]. Using this property, simulation cost could be reduced to a large extent [16].

Determination of the U(1)-unbroken region is important also for this reason.

Acknowledgments

The authors are grateful to T. Azeyanagi, K. Furuta, Y. Matsuo, K. Murata, K. Oda,

T. Tanaka, T. Takayanagi and especially to J. Marsano and N. Tanahashi for helpful dis-

cussions and comments. M. H. is supported by Special Postdoctoral Researchers Program

at RIKEN. T. N. would like to thank the Japan Society for the Promotion of Science for

financial support.

References

[1] R. Gregory and R. Laflamme, Black strings and p-branes are unstable, Phys. Rev. Lett. 70

(1993) 2837 [hep-th/9301052]; The instability of charged black strings and p-branes, Nucl.

Phys. B 428 (1994) 399 [hep-th/9404071]; Evidence for stability of extremal black p-branes,

Phys. Rev. D 51 (1995) 305 [hep-th/9410050].

[2] B. Kol, The phase transition between caged black holes and black strings: a review, Phys.

Rept. 422 (2006) 119 [hep-th/0411240].

11The authors would like to thank J. Marsano for pointing out this issue.

– 12 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C70%2C2837
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C70%2C2837
http://arxiv.org/abs/hep-th/9301052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB428%2C399
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB428%2C399
http://arxiv.org/abs/hep-th/9404071
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD51%2C305
http://arxiv.org/abs/hep-th/9410050
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C422%2C119
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C422%2C119
http://arxiv.org/abs/hep-th/0411240


J
H
E
P
0
9
(
2
0
0
7
)
0
1
2

[3] T. Harmark, V. Niarchos and N.A. Obers, Instabilities of black strings and branes, Class. and

Quant. Grav. 24 (2007) R1 [hep-th/0701022].

[4] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [hep-th/9711200].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical

string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[6] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253

[hep-th/9802150].

[7] L. Susskind, Matrix theory black holes and the Gross Witten transition, hep-th/9805115.

[8] J.L.F. Barbon, I.I. Kogan and E. Rabinovici, On stringy thresholds in SYM/AdS

thermodynamics, Nucl. Phys. B 544 (1999) 104 [hep-th/9809033].

[9] M. Li, E.J. Martinec and V. Sahakian, Black holes and the SYM phase diagram, Phys. Rev.

D 59 (1999) 044035 [hep-th/9809061].

[10] E.J. Martinec and V. Sahakian, Black holes and the SYM phase diagram. II, Phys. Rev. D

59 (1999) 124005 [hep-th/9810224].

[11] O. Aharony, J. Marsano, S. Minwalla and T. Wiseman, Black hole-black string phase

transitions in thermal 1 + 1 dimensional supersymmetric Yang-Mills theory on a circle, Class.

and Quant. Grav. 21 (2004) 5169 [hep-th/0406210].

[12] T. Harmark and N.A. Obers, New phases of near-extremal branes on a circle, JHEP 09

(2004) 022 [hep-th/0407094].

[13] N. Itzhaki, J.M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the

large-N limit of theories with sixteen supercharges, Phys. Rev. D 58 (1998) 046004

[hep-th/9802042].

[14] S.S. Gubser and I. Mitra, Instability of charged black holes in Anti-de Sitter space,

hep-th/0009126.

[15] V.E. Hubeny and M. Rangamani, Unstable horizons, JHEP 05 (2002) 027 [hep-th/0202189].

[16] R. Narayanan and H. Neuberger, Large-N reduction in continuum, Phys. Rev. Lett. 91

(2003) 081601 [hep-lat/0303023];

J. Kiskis, R. Narayanan and H. Neuberger, Does the crossover from perturbative to

nonperturbative physics in QCD become a phase transition at infinite N?, Phys. Lett. B 574

(2003) 65 [hep-lat/0308033];

R. Narayanan, H. Neuberger and F. Reynoso, Phases of three dimensional large N QCD on a

continuum torus , arXiv:0704.2591.

[17] G.T. Horowitz and A. Strominger, Black strings and p-branes, Nucl. Phys. B 360 (1991) 197.

[18] S.W. Hawking and G.T. Horowitz, The gravitational hamiltonian, action, entropy and

surface terms, Class. and Quant. Grav. 13 (1996) 1487 [gr-qc/9501014].

[19] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a

conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[20] T. Hotta, J. Nishimura and A. Tsuchiya, Dynamical aspects of large-N reduced models, Nucl.

Phys. B 545 (1999) 543 [hep-th/9811220].

– 13 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C24%2CR1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C24%2CR1
http://arxiv.org/abs/hep-th/0701022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IJTPB%2C38%2C1113
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C105
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C253
http://arxiv.org/abs/hep-th/9802150
http://arxiv.org/abs/hep-th/9805115
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB544%2C104
http://arxiv.org/abs/hep-th/9809033
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C044035
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C044035
http://arxiv.org/abs/hep-th/9809061
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C124005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD59%2C124005
http://arxiv.org/abs/hep-th/9810224
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2C5169
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2C5169
http://arxiv.org/abs/hep-th/0406210
http://jhep.sissa.it/stdsearch?paper=09%282004%29022
http://jhep.sissa.it/stdsearch?paper=09%282004%29022
http://arxiv.org/abs/hep-th/0407094
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD58%2C046004
http://arxiv.org/abs/hep-th/9802042
http://arxiv.org/abs/hep-th/0009126
http://jhep.sissa.it/stdsearch?paper=05%282002%29027
http://arxiv.org/abs/hep-th/0202189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C91%2C081601
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C91%2C081601
http://arxiv.org/abs/hep-lat/0303023
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB574%2C65
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB574%2C65
http://arxiv.org/abs/hep-lat/0308033
http://arxiv.org/abs/0704.2591
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB360%2C197
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C13%2C1487
http://arxiv.org/abs/gr-qc/9501014
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD55%2C5112
http://arxiv.org/abs/hep-th/9610043
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB545%2C543
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB545%2C543
http://arxiv.org/abs/hep-th/9811220


J
H
E
P
0
9
(
2
0
0
7
)
0
1
2

[21] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as

superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[22] R.A. Janik and J. Wosiek, Towards the matrix model of M-theory on a lattice, Acta Phys.

Polon. B32 (2001) 2143 [hep-th/0003121].

[23] P. Bialas and J. Wosiek, Towards the lattice study of M-theory. II, Nucl. Phys. 106 (Proc.

Suppl.) (2002) 968 [hep-lat/0111034].

[24] N. Kawahara, J. Nishimura and S. Takeuchi, Exact fuzzy sphere thermodynamics in matrix

quantum mechanics , arXiv:0704.3183.

[25] N. Kawahara, J. Nishimura and S. Takeuchi, Phase structure of matrix quantum mechanics

at finite temperature, arXiv:0706.3517.

[26] H. Kudoh and T. Wiseman, Properties of Kaluza-Klein black holes, Prog. Theor. Phys. 111

(2004) 475 [hep-th/0310104].

[27] H.S. Reall, Classical and thermodynamic stability of black branes, Phys. Rev. D 64 (2001)

044005 [hep-th/0104071].

[28] T. Harmark, V. Niarchos and N.A. Obers, Instabilities of near-extremal smeared branes and

the correlated stability conjecture, JHEP 10 (2005) 045 [hep-th/0509011].

[29] B. Kol and E. Sorkin, On black-brane instability in an arbitrary dimension, Class. and

Quant. Grav. 21 (2004) 4793 [gr-qc/0407058].

[30] B. Kol and E. Sorkin, LG (Landau-Ginzburg) in GL (Gregory-Laflamme), Class. and Quant.

Grav. 23 (2006) 4563 [hep-th/0604015].

[31] T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large-N gauge

theory, Phys. Rev. Lett. 48 (1982) 1063.

[32] O. Aharony et al., The phase structure of low dimensional large-N gauge theories on tori,

JHEP 01 (2006) 140 [hep-th/0508077].

– 14 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB498%2C467
http://arxiv.org/abs/hep-th/9612115
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APPOA%2CB32%2C2143
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APPOA%2CB32%2C2143
http://arxiv.org/abs/hep-th/0003121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C106%2C968
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHZ%2C106%2C968
http://arxiv.org/abs/hep-lat/0111034
http://arxiv.org/abs/0704.3183
http://arxiv.org/abs/0706.3517
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C111%2C475
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C111%2C475
http://arxiv.org/abs/hep-th/0310104
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C044005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD64%2C044005
http://arxiv.org/abs/hep-th/0104071
http://jhep.sissa.it/stdsearch?paper=10%282005%29045
http://arxiv.org/abs/hep-th/0509011
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2C4793
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C21%2C4793
http://arxiv.org/abs/gr-qc/0407058
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C23%2C4563
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C23%2C4563
http://arxiv.org/abs/hep-th/0604015
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C48%2C1063
http://jhep.sissa.it/stdsearch?paper=01%282006%29140
http://arxiv.org/abs/hep-th/0508077

